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ABSTRACT: An N-step random walk on a cubic lattice is adopted as a model of a polymer chain. The  span or extent 
of a random walk in a direction e is defined as the maximum distance between parallel planes normal to e which con- 
tain lattice points visited by that walk. The  spans of each random walk configuration are measured with respect to 
two different sets of orthogonal axes determined by the configuration. The  first set of orthogonal axes is based on the 
direction of the maximum span of the configuration. The  second set is based on the directions of the principal compo- 
nents of the radius of gyration tensor of the chain Configuration. For each set of axes, a smallest right prism is deter- 
mined whose edges are parallel to the chain-fixed axes and which contain all the steps of the random walk. A Monte 
Carlo procedure is used to  estimate the average largest, intermediate, and smallest spans, or prism dimensions. Both 
the simple unrestricted random walk with N = 50,100, 200 and the self-avoiding random walk with N = 50,75, 100, 
150 are treated. In the case of the orthogonal axes based on the maximum span, the ratio of the average maximum 
span to the average smallest span is approximately independent of N and equal to 2.42 for the unrestricted walk and 
2.73 for the self-avoiding walk. The  distribution of steps inside the spanning right prisms is investigated by dissecting 
them in two different ways. First, the prism is cut in ten equal sections by a set of parallel, equally spaced planes 
which are normal to an  edge of the prism. The  fraction of steps contained in pairs of sections which are equidistant 
from the central cutting plane is determined. This procedure is repeated in turn for each of the different edges of the 
prism. Second, a symmetric oval ( the ellipsoid is a special case) is inscribed in the prism with its axes parallel to those 
of the prism. Four similar and successively smaller nested ovals are also introduced. For each random walk configura- 
tion, the fraction of steps contained in each oval shell is determined. 

I. Introduction 

In this paper we continue our investigation of the spans 
of unrestricted and self-avoiding cubic-lattice-random-walk 
models of polymer chains.' The two terms, random walk and 
random polymer chain, are used interchangeably as are the 
terms step and polymer segment. The span of an N-step 
random walk in a direction e is defined as the maximum dis- 
tance between parallel planes normal to e which contain lat- 
tice points visited by that walk. In the preceding paper,' RMI, 
the spans of each random walk are determined with respect 
to the directions of the principal axes of the cubic lattice, xl, 
x?,  and x:+ The span in the x i  direction is denoted by X ,  (N) 
and the values of these spans are ordered according to their 
magnitude. The ordered spans are denoted by the symbol 
& ( N )  where {:i(N) 2 & ( N )  b .$1(N). These three spans, ( N ) ,  
i = 1,2 ,3 ,  define the dimensions of the smallest right prism, 
II ,(N),  whose edges are parallel to the x i  axes and which 
contains all the steps in the random walk. One of the principal 
results obtained in RMI is that the right prism whose edges 
have the lengths (E:j(N)) ,  ( .$z(N)) ,  and ((1(N)) is significantly 
noncubic where (ti ( N ) )  denotes the average value of E ,  ( N ) .  
The relative proportions, ( ~ ~ ( N ) ) : ( . $ z ( N ) ) : ( ~ l ( N ) )  in the limit 
N - m are 1.637:1.267:1 in the case of the unrestricted random 
walk and 1.75:1.31:1 in the case of the self-avoiding random 
walk. This result, that the typical or average shape of a poly- 
mer chain is asymmetric, is not new. Kuhn2 presented ap- 
proximate arguments leading to a similar conclusion over 40 
years ago. H o l l i n g ~ w o r t h ~ ~ ~  and later Weidmann, Kuhn, and 
Kuhns elaborated on these same arguments. More recently, 
K ~ y a m a , ~ , ~  Sol5 and Stockmayer,8 and SolEg used Monte 
Carlo methods to investigate the principal components of the 
moment of inertia tensor, or radius of gyration tensor, of an 
unrestricted random walk. SolE and Stockmayer found that 
the relative values of the average ordered principal compo- 
nents were 11.69:2.69:1 for N = 50 and 100. Mazur, Guttman, 
and McCrackin'O have extended these calculations to the case 
of self-avoiding random walks and have obtained for the 
corresponding relative proportions 14.81:3.07:1. In the dilute 
solution properties of random chain polymer molecules, there 
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are many immediate and obvious physical consequences of 
the asymmetric dimensions of the average spanning prism of 
the typical molecule. Proper account of the asymmetry must 
be taken in all experiments involving motion of the entire 
chain or parts of it, relative to the solvent such as experiments 
on viscosity, streaming birefringence, dielectric relaxation, 
and rates of sedimentation and diffusion. The average di- 
mensions of the spanning prism also figure in theoretical 
models of peak migration in gel permeation chromatogra- 
phy. 

The spans in RMI are measured with respect to the space- 
fixed lattice directions, XI, x2, x3. In the present paper, we 
investigate the spans with respect to directions determined 
by the random walk configuration itself. In this way we can 
obtain more explicit and detailed information regarding the 
asymmetric shape of polymer chains. Two different sets of 
orthogonal chain-fixed directions are considered. The first set, 
based on the direction of the maximum span of the random 
walk, is defined as follows. Consider the set of all arbitrarily 
oriented rectangular prisms with minimum dimensions which 
contain the random walk. Determine the subset of prisms 
which has the longest edge. The edge length, R3(N),  is the 
maximum span of the random walk configuration. Then for 
this subset determine the prism(s), I IR(N),  with the next 
longest edge and denote this edge length by R2(N). The third 
edge length, R1(N), is the smallest span associated with the 
direction of the maximum span R3(N) and Rp(N).  Note that 
the direction associated with the maximum span may not be 
unique. That is, two different pairs of steps in the random 
walk configuration might be separated by the same distance, 
Ry(N).  Note also that the smallest span R1(N), which is as- 
sociated with Rx(N) ,  is not necessarily the minimum span of 
the random walk configuration. The second set of orthogonal 
chain-fixed directions which we consider is the set associated 
with the directions of the principal axes of inertia of the chain. 
First, the principal components of the radius of gyration and 
the directions of the principal components are determined for 
the chain. Then the principal components of the square radius 
of gyration are ordered according to their magnitude. The j t h  
ordered component of the square radius of gyration is denoted 
by S,2(N),  j = 1, 2, 3, and S&N) 2 S22(N) 2 S12(N). The 
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rections. Second, we have introduced a different type of sub- 
division of the spanning prism. A symmetric oval (the ellipsoid 
is a special case) is inscribed in the prism with its axes parallel 
to those of the prism. Four similar and successively smaller 
nested ovals are also introduced. For each random walk con- 
figuration, the fraction of segments contained in each oval 
shell is determined. 

The foregoing calculations of a minimum-size right prism 
which contains all segments of a given random walk as well as 
the calculation of the distribution of segments within the right 
prism have been carried out for both unrestricted random- 
walk and self-avoiding-random-walk models of polymer 
chains. As in RMI, the self-avoiding walks are generated by 
using the method of Rosenbluth and Rosenbluthll which is 
also described in detail in papers by Mazur and McCrackin12 
and McCrackin, Mazur, and Guttman.13 In this method, the 
estimated sample average of a physical parameter generally 
differs from the true average. This difference, or bias, is neg- 
ligible in a sufficiently large sample.14J5 The magnitude of the 
bias in our calculations is discussed in Appendix A, using the 
average maximum span (R3(N)) as an example. 

Figure 1. (A) The two sets of orthogonal axes (XI ,  ZZ. XZ]  and { x  I’, X Z ’ ,  

x:!’J are shown as well as the angles CY and 13. (B) The two sets of or- 
thogonal axes 1x1, X Z ,  x ~ J  and (XI”, xp” ,  xgl’l are shown as well as the 
angles a ,  p, and y. 

span, r j ( N ) ,  in the direction of the j t h  ordered component, 
S j z (N) ,  is determined for each principal direction. In this way, 
a smallest rectangular prism, II,(N), whose edges are parallel 
to the directions of the principal axes of inertia is determined 
for each random walk configuration. 

In section 2 we describe a Monte Carlo procedure for cal- 
culating estimates of the first and second moments of the 
spans Ri(N), i = 1, 2, 3, of unrestricted and self-avoiding 
walks. Estimated values of the first and second moments are 
obtained for the unrestricted random walk (N  = 50,100,200) 
and the self-avoiding walk ( N  = 50, 75,100,150). In section 
3 we describe an analogous procedure for the calculation of 
the first and second moments of the spans r i ( N ) ,  i = 1,2 ,  3, 
associated with the ordered principal components of the 
square radius of gyration. In this case, estimated values of the 
moments are presented for unrestricted ( N  = 50,100,200) and 
self-avoiding (N  = 50,75,100, 150) walks. 

In addition to determining the ordered dimensions of a 
minimum-size right prism, II,(N) or IIR(N), which contains 
all polymer chain segments, we investigate the distribution 
of segments inside these right prisms by dissecting them in 
two different ways. First, the prism is cut in ten sections by 
a set of parallel, equally spaced planes which are normal to an 
edge of the prism. The number of polymer segments contained 
in the pairs of sections which are equidistant from the central 
cutting plane is determined. This procedure is repeated in 
turn for each of the different edges of the prism. The three 
segment density distributions which are obtained in this way 
for the case of the prisms, II,(N), can be used to reconcile an 
apparent discrepancy between the relative values obtained 
for (S ,2(N)) ,  j = 1,2,3, by K0yama,63~ Sol5 and Stockmayer? 
SolE? and Mazur, Guttman, and McCrackinlO and the relative 
values of the squares of the spans in the corresponding di- 

2. Spans Associated with the  Maximum Span 
Consider the set of spans measured with respect to chain- 

fixed axes which is based on the maximum span. In an N-step 
random walk which starts at  the origin of a simple cubic lat- 
tice, the coordinates of the j t h  step are denoted by the vector 
xG) whose components are x l G ) ,  x z G ) ,  x 3 G )  with 0 < j < N 
and xl(0) = x z ( O )  = xa(0) = 0. The maximum span, Ra(N),  is 
the maximum distance in the set of ‘/2N(N + 1) inter-step 
distances, 

The direction associated with Ra(N) is the direction of the 
vector xG’) - x(k’) connecting the pair of maximally sepa- 
rated steps. If there is not a unique maximum, that is, if more 
than one pair of steps is associated with R3(N), then the di- 
rection associated with one of the pairs is arbitrarily selected. 
To determine the maximal spans of the random walk in di- 
rections orthogonal to xG’) - x(k’), we express the xlG),  x z G ) ,  
x C 3 G )  coordinates in a new coordinate system xl’, xz’ ,  xg’ where 
the positive x3 ’  direction coincides with the direction of xG’) 
- x(k ’ ) .  The transformation of coordinates, specified in terms 
of the two angles CY and p depicted in Figure 1, has the form 

-cos CY sin p cos /3 

cos CY sin CY 

-sin CY cos p cos CY cos p sin /3 
sin CY sin p 

where x , ’ G )  is the coordinate of particle j in the xL’ direction. 
The maximum span in a direction transverse to xG’) - x(k’), 
R2(N), is the maximum transverse distance in the set of %N(N 
+ 1) distances 

([xI’G) - x1’(k)l2 + [ x ~ ’ G )  - ~ z ’ ( k ) ] ” ’ ’ ~  

O < j < k < N  (3) 

The direction associated with Rp(N) is the direction of the 
vector whose components are (xl’G”) - XI’“’’), ~2’”’’)  - 
x2’(k’’), 0) where steps j” and k” have the maximum 
transverse separation. Finally, the x ~’(j), X Z ’ ~ ) ,  ~ 3 ’ 0 ‘ )  coor- 
dinates are transformed to a new coordinate system by a 
simple rotation in the xl’, x2‘ plane (x3 ’  = 0). In the new 
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Table I 
Monte Carlo Estimates for Spans of Random Walks which a re  Based on the Maximum Span 

(A) Unrestricted 
50 3.4626 5.1962 8.7137 12.445 27.915 80.408 2000 
75 4.3681 6.5262 10.615 19.839 44.190 119.03 800 
100 5.1994 7.6256 12.559 27.961 60.185 166.80 2000 
150 6.5648 9.5281 15.522 44.676 94.147 253.62 800 
200 7.5447 11.074 18.079 58.803 126.70 344.81 1500 

(B) Self-Avoiding 
50 4.524 7.020 13582 
75 5.901 9.144 16.086 
100 7.195 10.975 ’ 9.328 
150 9.169 14.382 25.118 

coordinate system the positive direction of the two-component 
vector x1’G’’) - XI’“’’), ~ 2 ” ’ ’ )  - ~ 2 ’ “ ’ ’ )  coincides with the 
positive x 2” direction. The transformation of coordinates, 
specified in terms of the angle y, which is shown in Figure lB, 
has the form 

( ~ ~ ~ ~ ~ )  = [::ir 0 y 0 cos sin y y 8) (i;;::) (4) 

The third span, R l ( N ) ,  associated with R3(N) (and the di- 
rection xv’) - x(k’)) is the maximum in the set 

Ix1”G) - Xl”(k)l 

O < j < k < N  (5) 

In addition to the maximal set of spans R l ( N ) ,  Rz (N) ,  R:i(N) 
whose calculation we have outlined, there is an analogous set 
of minimal spans based on the smallest span of a random-walk 
configuration. However, we have not attempted to study the 
minimal set because the search for the minimum edge length 
of all right prisms which contain a given random walk is 
considerably more lengthy than the calculation of the maxi- 
mum edge length outlined above. 

Monte Carlo estimates of the average values of R, ( N )  and 
R, 2 ( N )  for i = 1, 2, 3 and N = 50, 75, 100, 150, 200 are listed 
in Table IA for unrestricted random walks. The last column 
in the table lists the number of random-walk configurations 
on which the Monte Carlo estimates are based. Table IB 
contains the corresponding quantities for self-avoiding walks. 
The magnitude of the bias which is introduced by the method 
of Rosenbluth and Rosenbluthl’ in these Monte Carlo esti- 
mates is discussed in Appendix A. Some noteworthy aspects 
of the results obtained in Tables IA and IB which are dis- 
cussed in the remainder of this section are: (i) the distribution 
function of R, ( N ) ,  the average value, ( R ,  ( N ) ) ,  and the root- 
mean-square dispersion cr[R, (N)] = [ ( R ,  W)) - (R ,  ( N ) )  2] 

fo r i  = 1,2,3; (ii) the relative proportions, ( R : j ( N ) ) / ( R 1 ( N ) )  
and ( R z ( N ) )  / (R ’ (N) ) ;  and (iii) the comparison of the values 
of ( R ,  ’ ( N ) )  with the mean-square end-to-end distance 
( l 2 ( N ) )  = (X12(N) + X’2(N) + x 3 2 ( N ) ) .  

(i) The Distribution Functions of the Spans R i ( N ) ,  i 
= 1, 2, 3. In addition to determining the average values, 
( R ,  ( N ) ) ,  displayed in Tables IA and IB, the distribution of 
values of R, ( N )  for walks of each length was determined. A set 
of typical results for the self-avoiding walk is displayed in 
Figure 2 where histograms of values of R,(150), i = 1,2,3,  are 
plotted. The abscissa scale is span measured in units of the 
nearest neighbor lattice spacing. The ordinate scale is the 
fraction of random walk samples per unit length of the span 

I 

21.253 50.736 164.38 7200 
36.019 86.022 269.85 8800 
53.555 124.02 389.48 7200 
86.571 213.86 656.95 8800 

i Self-avoiding Walk,N= 150 
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Figure 2. Histograms showing the distribution of values of R, (150), 
i = 1,2,3,  for the self-avoiding walk. The abscissa scale is measured 
in units of the nearest neighbor lattice spacing. The ordinate scale is 
the fraction of random walk samples per unit length of the span for 
which the span R, (150) falls in the interval specified on the abscissa. 
The average values, (R ,  (150)), associated with the histograms are 
indicated by vertical tick marks above the peak values. The range of 
values defined by the interval (R,(150)) - u[R,(150)] 6 R,(150)< 
( R ,  (150)) + u[R, (150)] is indicated for each histogram by a horizontal 
line through the associated tick mark. 

for which the span R, (150) falls in the range specified on the 
abscissa. Consequently, the area under each of the three his- 
tograms is unity. Similar histograms for other values of N and 
for the unrestricted random walk have the same qualitative 
form as that shown in Figure 2. The average value, ( R ,  (150)), 
associated with each of the histograms in Figure 2 is indicated 
by a vertical tick mark above the peak value of the distribution 
function. The range of values of R, (150) defined by the in- 
terval (R,(150)) - u[R,(150)] < R,(150) < (R,(150)) + 
(r[R,(150)] is indicated for each distribution function by a 
horizontal line through the corresponding tick mark. The 
reduced mean-square deviations of these distributions, 
[ ( R I 2 ( N ) )  - (R,(N))2]/(R,(N))2, fall in the range of 0.03 to 
0.06, giving further evidence of the sharpness of these distri- 
butions. 

(ii) The Relative Proportions ( R 3 ( N ) ) / (  R , ( N ) )  and  
( R 2 ( N ) ) / ( R l ( N ) ) .  The relative proportions, p3(R;N) = 
(R~(N))/(RI(N)) and PZ(R;N)  = ( R ~ ( N ) / ( R I ( N ) ) ,  are 
plotted vs. N-’ in Figure 3 for both the case of the unrestricted 
and the self-avoiding random walk. The qualitative behavior 
in the two cases is similar. There appears to be a weak de- 
pendence of these proportions on N-I. If this dependence of 
p3(R;N) and pz(R;N) on N-’ is ignored, the average values of 
p3(R;N) and pz(R;N),  p3(R) and pz(R),  can be computed. For 
self-avoiding walks, the following average relative proportions 
are obtained: 

- -  
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Figure 3. The relative proportions, p3(R;N) = (&(N))/(R,(N)) and 
p?(R;N)  = (R~(N))/(RI(N)), are plotted vs. N-' for both the unre- 
stricted random walk and the self-avoiding random walk. The squares 
refer to values of p:i(R;N) and the triangles to p2(R;N)  while the filled 
symbols refer to the self-avoiding walk and the open symbols to  the 
unrestricted random walk. 

- 
p: i (R)  = 2.73 a n d m  = 1.55 (6) 

For the unrestricted random walk, the average relative pro- 
portions are 

( 7 )  

(iii) The Relative Values, ( R i 2 ( N ) ) / ( P ( N ) ) ,  i = 1,2, 
3. In the case of the unrestricted random walk, the values of 
(Ri2(200)) ,  i = 1, 2, 3, given in Table IA divided by the 
mean-square end-to-end distance, (P(200)) = 3(xl2(20O)) 
= 200, are 

(R3'(200))/(l2(2O0)) = 1.72 (8) 

(R22(200))/(12(200)) = 0.63 (9) 

(Rl'(ZOO))/( 12(200)) = 0.29 (10) 

- 
p: j (R) = 2.42 and P2(R) = 1.48 

and 

Similar values of the ratios are obtained for N = 50,75,100, 
and 150. I t  is clear from the values of these ratios that the di- 
rection of the end-to-end vector is correlated with the direc- 
tion of the maximum span. A similar conclusion in the case 
of the self-avoiding walk follows from the values of the cor- 
responding ratios 

(R3*(150) ) / (  12( 150)) = 1.50 (11) 

(R2*(150) )/(12(150)) = 0.49 (12) 

(R1'(150) )/(  12(  150)) = 0.20 (13) 

where the values of (Ri2(150)) are given in Table IB and the 
value of (1*(150)) = 437.10 is obtained from Table I11 in 
RMI. 

(iv) The Asymptotic Formulas for ( R s ( N ) )  for Unre- 
stricted and Self-Avoiding Walks. In order to derive an 
asymptotic expression for (Ra(N))  from the tabulated values 

and 

in Table IA for the unrestricted random walk, we have as- 
sumed that ( R d N ) )  has the asymptotic form 

( R 3 ( N ) )  = A N 1 / *  + B 

in analogy with the exact asymptotic form for the span with 
respect to a space-fixed axis obtained by DanieW and Rubin 
and Mazurl 

( X ( N ) )  = aN1l2 - 1 

The values of A and B have been determined from the values 
of ( R 3 ( N ) )  in Table IA. The result is 

(R3(N))  = 1.32N1" - 0.57 

It should be noted that Kuhn17 has asserted that 

(R3(N))  - 1.5N1/* 

and his assertion has been repeated elsewherela even though 
no outline of his calculation has been published. Our Monte 
Carlo estimates of ( R 3 ( N ) )  which have been analyzed in the 
above manner do not support Kuhn's value of A = 1.5. 

The values of ( R 3 ( N ) )  in Table IB for the self-avoiding 
walk can be used to obtain a corresponding asymptotic for- 
mula. In this case we have assumed that ( R 3 ( N ) )  has the as- 
ymptotic form19 

( R 3 ( N ) )  = oi N o  61 - 0.57 

and determined the value of oi from the values of ( R s ( N ) )  in 
Table IB. The result is 

( R 3 ( N ) )  = 1.19N0,61 - 0.57 

3. Spans Associated with the Ordered Components of 
the Radius of Gyration Tensor 

Next consider the set of chain-fixed spans which is based 
on the direction of the ordered components of the square ra- 
dius of gyration tensor, X. The k,l  component of the sym- 
metric tensor X is defined as 

.v 

n = O  
Xh,/ = ( N  + 11-1 c x k ( n )  x l (n )  

N 
- (N+ I)-' 2 x h ( n )  x c ( r n )  (14) 

The trace of X equals the square radius of gyration of the 
polymer chain. The moment of inertia tensor of mechanics, 
T, is related simplyazg to the tensor X, 

T = (N + 1) {(Xi1 + X22 + X:M) 1 - XI (15) 

where 1 is the diagonal unit tensor. Thus the directions of the 
principal axes of inertia coincide with the directions of the 
principal axes of the square radius of gyration tensor. For a 
given random walk configuration, it is a straightforward 
matter to determine the values of Xh,/ in eq 14 and then the 
principal components of the gyration tensor and the associ- 
ated principal axis directions. The principal components of 
the gyration tensor are ordered according to their magnitude 
and denoted by Ss2 (N) 2 S22(N) > SI2 (N). The associated 
orthonormal unit vectors in the principal axis directions are 
denoted by corresponding subscripts V, = (V,  (l), V,  (*), V,  (3)) ,  
i = 1,2,3,  where V L ( k )  is the component of V, in the xh direc- 
tion and V, is associated with S,  2 ( N ) .  In rare cases where two 
(or all three) principal components S,*(N) are equal, a pair 
(or triple) of associated orthonormal vectors is arbitrarily 
chosen. 

Having determined a set of principal axis directions for the 
random-walk configuration, we next introduce a coordinate 
transformation in which the new origin is located at the center 
of gravity of the configuration and the directions of the new 

n = O  m=O 
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0.15 

Table I1 
Monte Carlo Estimates for Spans of Random Walks in the Directions of the Ordered Components of the Square Radius 

of Gyration 

, I  

I ;rz 

N 
No. of 

(r32(N) ) configurations 

50 
100 
200 

50 
75 

100 
150 

(A) Unrestricted 
0.549 1.475 6.495 3.196 4.836 8.458 
1.081 2.870 12.669 4.768 7.054 12.143 
2.143 5.595 25.888 7.011 10.161 17.600 

(B) Self-Avoiding 
0.973 2.954 14.460 4.065 6.530 12.310 
1.613 4.751 23.759 5.349 8.457 16.026 
2.266 6.924 33.158 6.529 10.326 18.847 
3,693 10.171 53.433 8.553 12.892 24.373 

axes, xl‘, x z ‘ ,  xg‘, coincide respectively with the directions of 
VI, Vz ,  and Vg. The coordinates of the j t h  step in the new 
coordinate system are 

and the i th ordered component of the square radius of gyra- 
tion, Si2(N),  has the form 

N 

n=O 
Siz (N)  = (N  + (x , ’ )2 (n )  (17) 

The span in the direction of Vi is denoted by r i (N)  and is 
calculated simply by determining the maximum member of 
the set 

Monte Carlo estimates of the average values of r i (N)  and 
r i2 (N)  for i = 1, 2, 3 and N = 50, 100, and 200 are listed in 
Table IIA for unrestricted random walks. In addition, the 
average values of Si 2(N)  are tabulated. The last column in the 
table lists the number of configurations on which the Monte 
Carlo estimates are based. Table IIB contains the corre- 
sponding quantities for self-avoiding walks. 

(i) The Distribution Functions of t h e  Spans rj(iV), i = 
1,2,3. As in the preceding case of spans based on the maxi- 
mum span, the distribution of values of ri ( N )  for walks of each 
length was determined. A set of results is displayed in Figure 
4 where histograms of values of ri(150), i = 1,2,3, are plotted 
for the self-avoiding walk. Corresponding sets of histograms 
for the unrestricted random walk are qualitatively the same 
as are the sets of histograms for self-avoiding walks of length 
N = 50,75, or 100. The unit on the abscissa scale in Figure 4 
is the nearest neighbor lattice spacing. The ordinate scale is 
the fraction of random walks per unit length for which the 
span ri ( N )  falls in the range specified on the abscissa. Con- 
sequently the area of each histogram is normalized to unity. 
The average values, (ri (150)), associated with the histograms 
in Figure 4 are indicated by vertical tick marks above the peak 
values of the distribution functions. The range of values of 
ri(150) around the average, defined by the interval (ri(  150)) 
- o[ri(l50)] < ri(150) < (ri(150)) + cr[ri(l50)], is indicated 

10.594 
23.528 
50.830 

17.167 
29.611 
44.056 
75.804 

24.423 
51.673 

107.19 

44.188 
74.071 

110.40 
171.01 

76.173 2000 
156.44 2000 
329.59 1000 

159.57 5000 
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Principal Directions,Self-avoiding Walk 
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Figure 4. Histograms showing the distribution of values of r,(150), 
i = 1 , 2 , 3 ,  for the self-avoiding walk. The abscissa scale is measured 
in units of the nearest neighbor lattice spacing. The ordinate scale is 
the fraction of random-walk configurations per unit length of the span 
for which the span rt (150) falls in the interval specified on the abscissa. 
The average values, ( r ,  (150)), associated with the histograms are 
indicated by vertical tick marks above the peak values. The range of 
values defined by the interval (r,(150)) - u[r,(150)] < r,(150) < 
(rL(150)) + u[r,(150)] is indicated for each histogram by a horizontal 
line through the associated tick mark. 

for each distribution function by a horizontal line through the 
corresponding tick mark. The reduced mean-square devia- 
tions of these distributions, [ ( r i 2 ( N ) )  - (ri(N))z]/(ri(N))z, 
fall in the range 0.03 to 0.06 and give a further indication of 
the sharpness of the distributions. 

(ii) The Relative Proportions ( r 3 ( i V ) ) / (  rN)) and  
( rd iV)) / (n(W).  The relative proportions, p&;N) = 
( r :dN))/(r l (N))  and pz(r;N) = ( r A N ) ) / ( r 1 ( N ) ) ,  are plotted 
vs. N-l in Figure 5 for both the unrestricted and self-avoiding 
walks. As in the case of p3(R;N)  and p z ( R ; N ) ,  there appears 
to be a weak dependence of these quantities on N .  When the 
corresponding relative values of the ordered components of 
the square radius of gyration pg(S2; N )  = (S&N))/(S12(N)) 
and pz(S2;N) = (S22(N))/(S12(N)) are plotted vs. N-l, a 
similar weak dependence on N is found; see Figure 6. The 
results shown in Figure 6 are not new. They merely confirm 
results obtained for unrestricted random walks by K~yama, f i ,~  
Sol5 and Stockmayer? and SolE9 and results obtained for 
self-avoiding walks by Mazur, Guttman, and McCrackin.lo 
If the N dependence of all these ratios is ignored and the 
corresponding values obtained for different N are averaged, 
then the average relative proportions are 

(19) 
- 

p3(r) = 2.94 and pz(r) = 1.57 

for self-avoiding walks and 
- - 
p&) = 2.57 and pz(r) = 1.48 
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Figure 5. The relative proportions, ps(r;N) = (rs(N))/(rl(N)) and 
pa(r;N) = ( r A V ) ) / ( r l ( N ) ) ,  are plotted vs. N-' for both the unre- 
stricted and self-avoiding walks. The squares refer to values of p3(r,N) 
and the triangles to pz(r ;N)  while the filled symbols refer to the self- 
avoiding walk and the open symbols to the unrestricted random 
walk. 

for unrestricted walks. The average relative ordered compo- 
nents of the square radius of gyration are 

(21) 
- 
p3(S2) = 14.67 and p2(S2) = 2.95 

p3(S2) = 11.88 and p2(S2) = 2.65 

for self-avoiding walks and 
- 

(22) 

for unrestricted walks. 
In order to compare the asymmetry in the shape of a ran- 

dom walk which is implied in the values of the ordered com- 
ponents of the square radius of gyration with the asymmetry 
which is implied in the values of the spans in the corre- 
sponding directions, the above values of p3(S2) and pz (S2)  
should be compared with the following average values of ratios 
of average squares of spans which are computed from Tables 
IIA and IIB: 

p 3 ( r 2 )  = ( r3*(N)) / ( r12(N))  = 6.77 

p z ( r 2 )  = ( r22(N)) / ( r12(N))  = 2.21 (23) 

for unrestricted walks and - 
p3(r2) = 8.78 and p z ( r 2 )  = 2.46 (24) 

for self-avoiding walks. Thus from eq 23 and 24 we find 
that 

p3(S2) = 1.67p3(r2) and p2(S2) = 1.20 p 2 ( r 2 )  (25) 
- 

for self-avoiding walks and 
- - 

p3(S2) = 1.75 p 3 ( r 2 )  and p2(S2) = 1.20 p 2 ( r 2 )  (26) 

for unrestricted r a n k w a l k s .  The disparity between the 
values of p3(S2) and p3(r2) in eq 25 and 26 can be reconciled 
in terms of the density distribution of steps inside the right 
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Figure 6. The relative proportions, p3(S2;N) = ( S & V ) ) / ( S I 2 ( N ) )  
and pAS';N) = (SZ*(N))/(SI~(N)), are plotted vs. N-I for both the 
unrestricted and self-avoiding random walks. The squares refer to 
values of p:j(S2;N) and the triangles to p2(S2;N) while the filled 
symbols refer to the self-avoiding walk and the open symbols to the 
unrestricted random walk. 

configuration in the direction Vi, whereas ri2(N) is the square 
of the difference between the largest and smallest coordinates 
in the same set of distances, (xi'(n)).  Detailed examination of 
this point is contained in section 4. 

It  was noted in the preceding section that there is a signif- 
icant anticorrelation between the direction of the smallest 
span associated with the maximum span R3(N) and the vector 
connecting the ends of the polymer chain, x(N) = ( x l ( N ) ,  
x2(N) ,  x3(N)],  because the mean-square length of x(N), 
( x l z ( N )  + x z 2 ( N )  + x & N ) ) ,  is larger than either (RZ2(N))  
or (Rl*(N)). If we now compare the average values of (r3(N)) 
in Tables IIA and IIB with the corresponding average values 
of the maximum span, ( R 3 ( N ) ) ,  in Tables IA and IB and ig- 
nore any dependence of the ratios (R3(N)) / ( r3(N))  on N, we 
find that 

( r 3 ( N ) ) / ( R 3 ( N ) )  = 0.98 (27) 
for the self-avoiding walk and 

( r 3 ( N ) ) / ( R 3 ( N ) )  = 0.97 (28) 
for the unrestricted walk. In view of the near equality between 
( R 3 ( N ) )  and ( r 3 ( N ) ) ,  we conclude that the directions asso- 
ciated with R3(N) and r3(N) are on the average nearly the 
same and therefore highly correlated. If the same pair of steps 
were involved in the two spans, R3(N) and r3(N), then the 
ratios in eq 27 and 28 would be related to average angles be- 
tween the directions associated with R3(N) and r3(N). The 
angles in question would have the values 11 and 14O, respec- 
tively. 

If a similar comparison is made between the smallest spans 
for the two sets of chain-fixed axes by using the data in Tables 
IA, IB, IIA, and IIB, one obtains 

( r l ( N ) ) / ( R 1 ( N ) )  = 0.91 (29) 
prism which contains a random walk. In particular, Si2(N) ,  
the ith ordered component of the square radius of gyration 
given in eq 17, is the average of the squares of the set of all 
distances of steps measured from the center of gravity of the 

for self-avoiding walks and 

(30) ( r l ( N ) ) I ( R I ( N ) )  = 0.92 
for unrestricted walks. 
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4. Density Distribution of Steps Inside Spanning Right 
Prisms 

We now consider the problem of characterizing the density 
distribution of steps inside the two minimum-size right prisms 
of sections 2 and 3, IIR(N) and n, (N) ,  which are associated 
with the maximum span and with the ordered components of 
the square radius of gyration, respectively, and which contain 
the random walk. We introduce two different subdivisions of 
the right prisms. While each prism can be subdivided in both 
ways in order to study the density distribution of segments, 
we limit our discussion to the results of the subdivision of each 
prism in a single different way. 

(i) Density Distribution of Steps in the Prism Based on 
the Ordered Square Radii of Gyration. Subdivision of 
&(N) into Slabs. The coordinates xl’(j), x 2 ’ ( j ) ,  x s ’ ( j )  of the 
j t h  step of a random walk, in the coordinate system based on 
the principal components of the square radius of gyration of 
that random walk, are obtained from the space-fixed coordi- 
nat,es xl( j ) ,  x2(j), xii(j) by the linear transformation in eq 16. 
The coordinates x l ’ ( j ) ,  x z ’ ( j ) ,  x3 ’C j )  are measured from the 
center of gravity of the configuration which is taken as the 
origin of the xI’, x 2 ’ ,  x:~’  coordinate system. In section 3 the 
procedure for determining the maximum span ri(N) in the 
direction of the ith ordered component of the square radius 
of gyration, SI2, is outlined. Once the value of r, is obtained, 
the fraction of steps in the random walk whose x i ’ ( j )  coordi- 
nate, for 0 d J d N ,  is contained in the interval O.l(m - 1)ri 
< / x L ’ ( j ) l  < O.lmri for 1 d m d 5 can be determined. Thus, we 
introduce a central plane through the center of gravity, which 
is normal to the x,’ axis, and a set of equally spaced parallel 
planes at  distances of O.lmr; from the central plane. Define 
a slab as a section of the right prism lying between a pair of 
adjacent parallel planes. We determine the fraction of the 
steps lying in pairs of slabs which are equally distant from the 
central plane. This process is repeated for each of the direc- 
tions, x I’, x%’, and x:~’ ,  and yields three step-density distribu- 
tions in the form of histograms. The entire foregoing calcu- 
lation is repeated for each random walk configuration. Average 
histograms for unrestricted random walks with N = 50,100, 
and 200 and average histograms for self-avoiding walks with 
N = 50, 75, 100, and 150 are determined. For self-avoiding 
walks, the forms of the histograms for 150-step random walks 
are shown in Figure 7 by the solid lines where the ordinate is 
the fraction of steps in the rnth pair of slabs and the abscissa 
is the slab label, m. The corresponding histograms for 200-step 
unrestricted random walks are indicated in Figure 7 by the 
dashed lines. In each case, the total fraction of steps in all slabs 
is less than one because the central plane passes through the 
center of gravity of the random walk rather than the geometric 
center of the spanning right prism. Consequently there is, in 
general, a portion of the right prism which is not included in 
the ten slabs. The average fraction of steps which is omitted 
in this way is indicated by horizontal extensions of the solid- 
and dashed-line histograms beyond m = 5. The root-mean- 
square average components of the distance between the center 
of gravity of the random walk and the geometric center of the 
spanning right prism is less than the slab thicknesses in all 
cases. For example, in the case of the 150-step self-avoiding 
random walks, the root-mean-square components of this 
distance in the directions i = 1, 2, 3 are respectively 0.556, 
0.838, and 1.584. The corresponding slab thicknesses, which 
are O.lr,, are: 0.855, 1.289, and 2.437. We have arbitrarily 
adopted the center of gravity as the center of the step density 
distribution so that we can correlate the average ordered 
components of the square radius of gyration, (Si  2 ( N )  ), with 
the corresponding average squares of the spans, (ri 2 ( N )  ). The 
histograms shown in Figure 7 for N = 150 are typical of those 
for other values of N which we have investigated. The differ- 
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Figure 7. Histograms for 150-step self-avoiding and unrestricted 
random walks showing the average fraction of steps in pairs of slabs, 
1 < m < 5. The dissection in ten slabs of equal thickness is carried out 
in each of the directions based on the ordered square radii of gyration. 
The solid line refers to the self-avoiding walk and the dashed line to 
the unrestricted walk. The  central cutting plane passes through the 
center of gravity of the step distribution. The short extension of the 
histograms beyond m = 5 shows the fraction of steps lying outside the 
slabs. 

ences among the corresponding histograms for self-avoiding 
walks of different length and the differences among the cor- 
responding histograms for unrestricted walks of different 
length are small compared to the differences between the two 
sets of histograms shown in Figure 7. A principal characteristic 
of both sets of histograms is that the step distribution in the 
direction of the largest span, r&V), is much flatter than the 
step distribution in the direction of the smallest span, r l (N) .  
Step distributions for the unrestricted random walk are rel- 
atively higher near the central plane than the step densities 
for the self-avoiding walk. 

Finally, for reference purposes, we plot in Figure 8 the 
analogous histograms for two uniform-density model distri- 
butions: (a) uniform density inside a right prism whose edge 
lengths are rl ,  r2, and r3; and (b) uniform density inside an 
ellipsoid whose major axes are rl ,  r2, r3. In the case of each 
model, the three histograms corresponding to the three 
principal directions are identical. 

We next derive an approximate relation between an average 
ordered square component of the radius of gyration and the 
associated step distribution and span. Rewrite eq 17 as 

S , W )  = 3/?rI2(N)(N + 1 l - I  2 [~ , ’ (n ) ]~ /Yqr ,~ (N)  (31) 

and assemble the N + 1 terms of the sum in six groups. The 
first five groups are characterized by the inequalities 

n = O  

The fraction of t,erms in the mth group is just the fraction of 
steps in a pair of slabs and is denoted by f i  (m;N).  The sixth 
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Figure 8. Analogous histograms to those in Figure 7 for two uni- 
form-density models: (a) uniform density inside a right prism whose 
edge lengths are r l ,  r2, and r3 and (b) uniform density inside an el- 
lipsoid whose major axes are r l ,  r2,  r3. In each case, the three histo- 
grams corresponding to the three principal directions are identical. 

group consists of the remaining terms of the sum which lie 
outside the slabs. The fraction of terms in the sixth group is 
denoted by fi,o(N). Equation 31 can then be rewritten ap- 
proximately in terms of these fractions as 

(33) 

Introduce the average overall walks of length N ,  and on the 
right-hand side, replace the average of the products by the 
products of the averages to obtain 

+ ( f i , o ( ~ ) ) ]  (34) 

Values of (fi(m;N)) and (f i ,- ,(N)),  given in the form of his- 
tograms similar to those in Figure 7 for both unrestricted and 
self-avoiding walks, can be used to evaluate the term in square 
brackets in eq 34 and thus can be used to obtain approximate 
valuesfor theratio (Siz(N))/(ri2(N)). Thevaluesso obtained 
for this ratio for unrestricted and self-avoiding walks of length 
N = 100 are given in Table I11 where they are compared with 
the values computed from the Monte Carlo estimates for 
(Si 2( 100) ) and (ri ’( 100) ) given in Tables IIA and IIB. There 
is good agreement between the values of the ratio calculated 
from the approximate eq 34 and that calculated from the 
Monte Carlo estimates. Equation 34 can be used to account 
for the relatively large values obtained for the ratios 
(Si2(N))/(S12(N)),  i = 2,3, by K ~ y a m a , ~ , ~  Sol5 and Stock- 
mayer! Sol5,S and Mazur, Guttman, and McCrackinlO com- 
pared with the smaller values which we have obtained for the 
relative proportions (ri2(N))/(rlz(N)). In particular, the ratio 

(Si2(N))/(Sl2(N)) can be formed using eq 34 

(Si2(N)) 
(Si ‘ ( N ) )  

It  is clear that the more rapidly (fl(m;N)) falls off with in- 
creasing m compared with fi(m;N), the more the factor in 
square brackets in (35) exceeds one. 

(ii) Distribution of Steps in the Right Prism Based on 
the Maximum Span. Subdivision into Concentric Ovals. 
The coordinates xl”(j), x ~ ” ( j ) ,  x$’(j) of the j t h  step in a 
random walk in the coordinate system based on its maximum 
span are obtained from the space-fixed coordinates x ~ ( j ) ,  
x z ( j ) ,  x3(j) by the successive linear transformations 2 and 4, 
and the center of the spanning right prism can be determined 
once the steps whose separations are maximal have been de- 
termined. As a complement to the analysis of the distribution 
of steps inside the spanning right prism in terms of slabs, we 
now analyse the distribution of steps in terms of a set of 
symmetric, concentric ovals whose centers coincide with the 
center of the right prism, whose axial directions coincide with 
the axes of the prism, and whose relative axial dimensions are 
equal to the relative proportions of the spanning right prism, 
R3(N):Rz(N):R1(N). In particular, we have taken as the 
general equation of an oval, 

= 1 (36) 

where, for a given random walk configuration, ?I”, f z ” ,  23” 
are the coordinates of the center of the spanning right prism 
whose edge lengths are R1(N), Rz(N) ,  and Rs(N). The pa- 
rameter k is a scale factor such that the case k = 1.0 corre- 
sponds to the inscribed oval of order n. The volume of the nth 
order oval for arbitrary k is k3 times the volume of the in- 
scribed oval of order n. We have considered values of n = 2, 
3, and 4 in this paper (where n = 2 corresponds to the case of 
the ellipsoid). The volumes, Vcn), of the inscribed ovals can 
be expressed as a fraction of the volume of the spanning right 
prism, V(”) = u ( ~ ) V *  where V ,  = Rl(N)R2(N)R3(N). I t  is 
shown in Appendix B that u(’) = 0.523 60, u ( ~ )  = 0.712 07, and 
u ( ~ )  = 0.812 05. The asymptotic value of u ( ~ )  as n - m is also 
obtained, 

u(”) - 1 - 2.9357n-’ + . . . 
Thus, in the limit n - a, the n th  order oval completely fills 
the spanning right prism. 

In addition to considering several values of n, we have in- 
troduced the following set of values of k: kl = 0.50, kz = 0.65, 
k3 = 0.80, k4 = 0.95, and 125 = 1.00. For each value of n, the set 

(37) 

Table I11 
Values of (Sj2(100))/ (rj2(100)) Calculated from Step Density Distribution Histograms like Those in Figure 7 Compared 

with Values Calculated from Monte Carlo Estimates of ( Si2( 100)) and (rj 2( 100)) 

Self-avoiding walk Unrestricted walk 

From From Monte Carlo From From Monte Carlo 
i histograms estimates histograms estimates 

1 0.051 
2 0.061 
3 0.084 

0.051 
0.063 
0.088 

0.046 
0.054 
0.077 

0.049 
0.055 
0.081 
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Table IV 
Monte Carlo Estimates of ( g ,  (“)(150)), R = 2,3 ,4 ,  for 

Self-Avoiding and Unrestricted Walks 

Self-avoiding Unrestricted 
n walks walks 

2 0.3274 
3 0.1426 
4 0.0817 

0.2430 
0.1138 
0.0819 

Table V 
Average Distribution of Steps in Each of the Fourth 
Order Oval Shells for 150-Step Self-Avoiding Walks 

Expressed as a Fraction 

i ( n ,  131 (150) ) W L  (4) k 
~ 

1 0.1351 0.1013 0.50 
2 0.1668 0.1212 0.65 
3 0.2531 0.1923 0.80 
4 0.2888 0.2798 0.95 
5 0.0729 0.1156 1.00 
K 0.0817 

of five oval surfaces corresponding to the values of ki, 1 d i ,< 
5, divides the interior of the right prism into six regions Qi (,): 

the central oval, (for k l  = 0.50); four oval shells, Q z ( ~ ) ,  
Q3(n) ,  Q 4 c n ) ,  and the remainder of the prism Q,(,). The 
volumes of the regions Q i ( n )  and are denoted by u ~ ( ~ ) V ? ,  
and w, (~ )V, ,  respectively, where the reduced volume 

ai(,) = (ki3 - ki-l3)LJ(,), 1 d i ,< 5 

is expressed as a fraction of the volume of the spanning right 
prism with ko 0 and where 

= 1 - ,(n) 

For each N-step random-walk configuration, i.e., for each 
spanning right prism, we have determined the fraction of 
steps, gi(,)(N), in each of the regions Qi( , ) ,  1 ,< i d 5. This 
histogram, or distribution function, is determined by first 
evaluating the following function of the coordinates for each 
of the N + 1 lattice points visited in an N-step walk. 

Fn[xi”Ci), xz”Cj), x3”G)I 

Then the fraction of the set of N + 1 values of F,  F ,  [ x  1”G), 
xz”G), x 3 ” ( j ) ]  which fall in each of the intervals, 0 d F,  d hl 
and k , - 1 6  F,  d k ,  for 2 d i < 5, is determined. These fractions 
are the desired values of g, ( n ) ,  The remaining fraction of steps 
which lie in Qs(n) is given by 

5 

1=1 
g,(”)(N) = 1 - g,(n)(N) (39) 

The values of g, (n)(N) for 1 < i d 5, n = 2,3,4, and N = 75,150 
have been determined for samples of self-avoiding random 
walks, and average values, (g,(n)(N)),  have been obtained for 
these samples. Similar calculations have been performed for 
unrestricted random walks for n = 2,3,4 and N = 50,100,150, 
200. Examples of one aspect of these calculations are shown 
in Table IV where values of (g,(n)(150)) for self-avoiding and 
unrestricted walks are tabulated for n = 2, 3, 4. The entries 
for (g,(4)(150)) are significantly smaller than those for 
(g,(3)(150)) and (g,(2)(150)). Therefore we have limited the 
presentation of results of the analysis of the segment distri- 

2 -0 
Self-avoiding Walk N= 150 

0.0 
0.0 0.2 0 . 4  0.6 0.8 1 . 0  

Figure 9. Histogram showing reduced density qt (4) plotted vs. k, for 
150-step self-avoiding walks. The range in the batch average values 
of (4) is indicated by the vertical dashed line for each value of i. The 
horizontal dashed line indicates the reduced density distribution for 
a model in which all steps are contained in the inscribed oval and fill 
the oval uniformly. 

2 -0 
1 Unrestricted Walk N=150 1 , 

1 . 6  r- 4 

0.0’ 1 
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Figure 10. Histogram showing reduced density qt plotted vs. k, :i 
for 150-step unrestricted walks. The horizontal dashed line indicates 
the reduced density distribution for a model in which all steps are 
contained in the inscribed oval and fill the oval uniformly. 

bution in terms of ovals to fourth-order ovals. In Table V 
values of (g,(4)(150)), 1 ,< i ,< 5, and (g,(4)(150)) are given. In 
addition, values of the reduced volumes, of the regions, 
L’, (*I, are given in column 3. The last column lists the outer 
linear dimension of each oval region, QL(4), expressed as a 
fraction, k , ,  of the corresponding dimension of the inscribed 
oval. We have converted the fractions, (g,(4)(150)), listed in 
Table V to approximate reduced densities by dividing the 
values of (g, (4)(150)) by the corresponding reduced volumes, 
w,  (4). These reduced densities, 

v , ( ~ )  = (gL(4)(150))/w,(4) 

are plotted vs. k ,  in Figure 9. Calculations of (g, (4)(150)) were 
carried out in batches of 500 walks. The range in the associated 
values of q1 (4) obtained from the individual batches is indi- 
cated by the dashed vertical line in the k3 interval associated 
with each oval shell. Thus it is seen in Figure 9 that v , ( ~ )  is 
virtually constant for i = 1, 2, 3. Together, these regions 
comprise approximately one-half of the volume of the in- 
scribed oval while their outer linear dimension is 0.80 times 
that of the inscribed oval. The horizontal dashed line in Figure 
9 indicates the reduced density distribution for a model in 
which all steps are contained in the inscribed oval and fill the 
oval uniformly, Le., ij, (4)  = l / ~ ( ~ )  z 1.234. Analogous results 
for the fractional density distribution of segments in the case 
of the unrestricted random walk are plotted in Figure 10 for 
the case N = 150. As should be expected the fractional density 
is higher in the center in the case of the unrestricted random 
walk than in the self-avoiding random walk. 
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Figure 11. Batch average values of R:j(150) are plotted vs. the sta- 
tistical weight of the batch of configurations. The horizontal solid line 
indicates the weighted average values, (R:d150)  ), and the distance 
to the parallel dashed lines indicates the magnitude of the root- 
mean-square dispersion of the batch average values. 

5. Concluding Remarks 
(1) The ratios of the average largest to average smallest span 

obtained in this paper, 2.42 for the unrestricted random walk 
and 2.73 for the self-avoiding random walk, are somewhat 
smaller than the corresponding values, 2.59 and 3.05, deduced 
in RMI on the basis of the assumption of an ensemble of 
identical randomly oriented ellipsoids (oval of order 2). This 
discrepancy should not be surprising in view of the fact that 
on the average y4 to of the random walk steps lie outside the 
inscribed ellipsoid (see entries for oval of order 2 in Table IV). 
Furthermore, the values of the average spans with respect to 
space-fixed axes which were used in the ellipsoid model cal- 
culation in RMI were N = m estimates. Finally, note that we 
cannot rule out the possibility that in the limit N + m the oval 
of order n = 2 may contain a significantly larger fraction of 
steps than it does for N < 150. 

(2) In interpreting the results shown in Figures 7,9,  and 10 
regarding the average distribution of the steps of a random 
walk inside its spanning prism, several limitations on the ex- 
trapolation to large N behavior should be borne in mind. First, 
the average prism dimensions for the self-avoiding walk of 150 
steps are 25.12, 14.38, and 9.17. When it is recognized that in 
each random walk at  least one contact is made with each face 
of the spanning prism, then it is seen that in the average 
spanning prism a minimum of one-half of the 150 steps of the 
random walk are required merely to move directly from one 
face of the prism to another. I t  is only in much longer random 
walks where the minimum number of steps required to visit 
all faces of the average spanning prism is small compared to 
the total number of steps that we may reasonably expect that 
a limiting asymptotic step density distribution is established. 
The foregoing condition is No.61 << N (or No.5 << N ) .  

Appendix A. The Bias of Estimates of (I&( 150)) in the 
Method of Rosenbluth and Rosenbluth 

The bias of a sample estimate of an average parameter of 
a self-avoiding walk, such as the span RS(N),  is defined as the 
difference between the sample estimate and the exact, but 
unknown, average value of R&V) based on all configurations. 
Bias in a sample estimate obtained by using the method of 
Rosenbluth and Rosenbluthll arises if there is significant 
correlation between batch average values of R&V) and the 
corresponding statistical weights of the batches of configu- 
rations. Such a correlation might arise if open or extended 
configurations, which are associated with large values of 
Rs(N),  also have large statistical weights. McCrackin15 and 
McCrackin, Mazur, and Guttmanl3 have outlined a procedure 
for estimating the magnitude of the bias. Rather than go into 
complete details here, we present in Figure 11 a correlation 
diagram in which batch average values of R3(150) are plotted 

vs. the corresponding statistical weights of the batches of 
configurations. Each batch consists of 400 or 500 random-walk 
configurations as shown in the figure. The solid horizontal line 
indicates the weighted average of the batch averages and the 
horizontal dashed lines in Figure 11 indicate the magnitude 
of the root-mean-square deviation from the weighted average. 
For the data shown in Figure 11, a calculation following the 
procedure of McCrackin, Mazur, and Guttmanlg shows the 
bias to be +0.073, an order of magnitude less than the root- 
mean-square dispersion in the batch average values of 
R d  150). 

Appendix B. Volume of Inscribed Oval of Order n 
The equation for the inscribed oval of order n when the 

origin is located a t  the center of the oval is, according to eq 

The volume of this oval is given by the expression 

x K R 2 ( N ) [ 1  - (&)" - (&)"/l'" 

The double integral in eq B2 can be transformed and evalu- 
ated as the product of two /3 functions.20 The final result is 

V(") = R1(N)R2(N)Rg(N)rZ-2B(n-l, 1 + n-1 
X B(n- l ,  1 + 2n-I) (B3) 

where 

B(m,n) = J1 xm-I( l  - x)"-ldx = r ( m ) r ( n ) / r ( m  + n )  

The final result for V(" )  is, after simplification, 

v(") = v,r3(1+ n-l)/r(i + 3n-1) (B4) 

where V, = RI(N)R2(N)R3(N) is the volume of the spanning 
right prism. When n = 2, one obtains the familiar result for 
the ellipsoid, 

V ( 2 )  = 7rV,/6 (B5) 

For n = 3 and n = 4, the values of V(" )  are 

= 0.712 07V, 036) 

and 

= 0.810 25V, (B7) 

For large n, an asymptotic expression for V(" )  can be obtained 
from eq B4 with the aid of the expansionz1 

In r(i + n-1) = -In (1 + 12-1) + nP1(1 - y) 

+ ,f ( - 1 ) r [ { ( r )  - ~ ] n - ' / r  
r=2 

where 
1 

m--m m 
...-- l n m ]  =0.57722.. 

y is Euler's constant and 
m 

{ ( r )  = k-' 
k = l  

is the Riemann { function. The asymptotic value of V(")  for 
n >> 1 is 

V(") V, { I  - [6y2 - 3{(2)]r~-~ + . . .) 
z V,{1 - 2.9357n-' + . . .I 038) 
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Thus, it can be seen that as n - 
oval approaches that of the right prism. 

the volume of the inscribed 
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Microstructure and Physical Properties of 
Hydrochlorinated 1,4-Polyisoprene Prepared by 
Butyllithium in Nonpolar Solvent 
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ABSTRACT: Microstructure of partially as well as completely hydrochlorinated 1,4-polyisoprene prepared by hutyl- 
lithium in nonpolar solvent has been investigated by means of ‘H and I:’C NMR spectroscopy. The  results show that 
practically no cyclization occurs in the course of the reaction and that hydrogen chloride adds nearly a t  random along 
the polymer chains. The  microstructure of the remaining unsaturated units present in the partially hydrochlorinated 
products is nearly that  of polyisoprene indicating equivalent reactivities for the different structural units present 
in the substrate. The  completely hydrochlorinated product is an  amorphous material with a T ,  103 K higher than 
that of the substrate. The  variation of T ,  is a linear function of the molar percentage of hydrochlorinated units in the 
polymer. 

Hydrochlorination of natural 1,4-polyisoprene such as 
hevea (cis- 1,4-polyisoprene) and balata (trans- 1,4-polyiso- 
prene) has been studied extensively during the last 30 
When in solution, both polymers readily add hydrogen chlo- 
ride but the reaction is known to produce some amount of 
cyclized structures along the polymer chain. Nevertheless, 
hydrochlorinated hevea is a crystallizable material having a 
syndiotactic type of microstructure; that is, the handedness 
of the successive quaternary carbon atoms alternates along 
the polymer chain. In contrast, hydrochlorinated balata does 
not show any crystallinity. The stereoregularity peculiar to 
hydrochlorinated hevea has been explained by postulating a 
chain reaction mechanism specific to cis-1,4 unit se- 
quences.lJ 

In the present paper we wish to report some results con- 
cerning hydrochlorination of highly cis-1,4 well-defined 
polyisoprene prepared by means of anionic polymerization 
using butyllithium as initiator and benzene as solvent. This 
substrate contains 71% of cis-1,4 units, 22% of trans-1,4 units, 
and only 7% of vinyl units which are essentially of 3,4 struc- 
ture. Microstructure and physical properties of partially as 
well as completely hydrochlorinated products have been in- 
vestigated by means of NMR spectroscopy, x-ray diffraction 
analysis, and differential scanning calorimetry. 

Experimental Section 
The polyisoprene sample was prepared in a sealed high-vacuum 

system using sec- butyllithium as initiator and benzene as solvent. Its 
microstructure determined by IH NMR spectroscopy is 71% cis, 22% 
trans, and 7% 3,4. Its number average molecular weight determined 
by osmometry is 8.6 X lo4. 

The hydrochlorination reaction was conducted at  298 K on 300 ml 
of 1% polyisoprene solution in toluene. The solution was first purged 
with dry nitrogen to remove any molecular oxygen after which dry 
hydrogen chloride was bubbled through the reaction system a t  a 
pressure slightly above the atmospheric pressure. Aliquots of 50 ml 
were withdrawn from the system at  some intervals from 1 to 24 h. The 
aliquots were purged with nitrogen and washed with distilled water 
to remove unreacted hydrogen chloride, after which the products were 
precipitated into methanol. The  molar percentage of unsaturated 
monomer units remaining in the partially hydrochlorinated samples 
was determined by IH NMR spectroscopy by using the olefinic res- 
onances near 5 ppm. 

The IH NMR spectra were measured at  100 “C on a Varian HR-220 
spectrometer using chlorobenzene as solvent and tetramethylsilane 
(TMS)  as internal reference. 

The  ”’C NMR proton noise-decoupled spectra were measured a t  
room temperature on a Bruker WH-90 spectrometer using deuter- 
iochloroform as solvent and T M S  as internal reference. Approxi- 
mately 5000 pulses with an acquisition time of 0.7 s were used. Flip 
angle was 30’ and spectral sweep width was 6000 Hz. 

The  glass transition temperatures were measured in duplicate a t  


